
A Likelihood Function

Here we shall derive the likelihood functionP(D|M) of the model described in Section 2 of the
manuscript. In short, it gives the probability that a set of data points is produced by a particular
model. For the sake of generality, the model is defined in a twodimensional space (X-Y). The
formalism that is developed here can be directly applied to the analysis of the T-L data by relabeling
X as time andY as length.

Let us start by considering one data point and one line segment. Assuming that measurements
of both coordinates are independently affected by some noise with a Gaussian distribution, we
can write the probability that a data point

(
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segment in the following form:
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Herex andy are the coordinates along the segment,dl represents the length of the part of the line
segment,σ2

x andσ2
y are the variances of the corresponding noise distributions.

For the sake of convenience we are going to use parametric equations to represent a line seg-
ment. Assume that the coordinates of the starting point of the segment arex0 and y0 and the
coordinates of the end point arex′0 andy′0. Let us define two coefficients∆x and∆y in the following
manner:

∆x = x′0−x0,

∆y = y′0−y0. (3)

Now we can express the equation of a line segment in terms of a dimensionless variableξ:

x = x0 +∆xξ,

y = y0 +∆yξ, 0≤ ξ ≤ 1. (4)

Using this definition we can express the probability that a data point is part of a particular line
segment as an integral overξ.
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HereA is a normalization coefficient that will be defined later.
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The integral above can be expressed in terms of error functions.
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In order to simplify the notation in the formula presented above we have introduced two valuesa
andb, which are defined as follows.
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At this point we have derived the expression for the probability that one data point is part of a
single line segment. It is easy to extend this formalism to the case of multiple data points and line
segments. Assuming that all data points are independent, wecan write down an expression for the
probability for a collection ofn data points being represented by a single line segment as a product
of the probabilities for individual data points.

Pt = P1 ·P2 · .. ·Pn. (9)

In the case of several line segments, every segment will contribute some probability to each data
point, so the probability that a data pointk is a part of one segment from a collection ofm line
segments is given by a sum of probabilities for each segment.

Pk = Pk
1 +Pk

2 + ..+Pk
m. (10)

Combining Equations 9 and 10 we obtain the general expression for the likelihood function of
our model.

Pt =
n
∏

k=1

(

m
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Pk

i

)

. (11)

Here the indexk is used to label different data points and the indexi labels different line segments.
At this point the definition of the likelihood function is still incomplete. We still have to deter-

mine the normalization coefficientA. This is done by using the following normalization condition:
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HereL is the total length of the segmented line. The integrals in the expression Eq. 12 can be easily
computed analytically to produce the following value of thenormalization coefficient:

A =
1

2πσxσy
. (13)

Now we combine expressions Eq. 6, Eq. 11, and Eq. 13 to producethe final formula for computing
the likelihood. Since using very small numbers in a numerical calculation can result in a loss of
precision, it is better to use the negative logarithm of the probability instead of the probability itself.
So the optimization routine has to minimize the negative logarithm of the posterior probability,
which is equivalent to maximizing the value of the posteriorprobability.
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As before, the indexk is used here to label the data points while the indexi labels the line segments.
The quantitiesaik andbik are defined in the same way asa andb in equations Eq. 7 and Eq. 8 with
the segment parametersx0, y0, ∆x, and∆y replaced by the corresponding indexed valuesx0i , y0i ,
∆xi, and∆yi.

Eq. 14 gives us the general expression of the likelihood thata set of data points is represented
by a set of connected line segments with added Gaussian noise. As a part of Bayes’ theorem Eq. 1
this expression provides us with a measure of the quality of the fit of the model, which is used to
find the optimal locations and velocities of the line segments.

B Computer Simulation of Tracking Data

We have developed a computer simulation that generates artificial tracks with known underlying
motion overlapped by noise. In this simulation the motion ofthe cargo is modeled by a linear
combination of deterministic motion of the motor complex and the thermal motion of the cargo.

Let us begin by considering the thermal motion of the cargo. It is modeled as biased Brownian
motion in two dimensions using the following procedure. First, the instantaneous displacements
of the cargo due to the thermal fluctuations,δx andδy, in theX andY directions are generated
independently using random numbers drawn from a Gaussian distribution with zero mean and
variance 2Dδt. HereD is the effective diffusion coefficient of the cargo andδt is the time step
of the simulation. After that, these two independent displacements, inX andY directions, are
combined into a vectorδ~l . Next another vector~r that specifies the direction and the distance from
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the motor to the center of the cargo is determined and the displacement vectorδ~l is decomposed
into a displacement along this directionδ~l‖ and a perpendicular displacementδ~l⊥. The component
of the displacement parallel to~r is modified to ensure that the cargo always stays within a certain
radius from the motor. So, if the parallel component of the cargo displacement is directed toward
the motor, it is left unchanged. If the cargo displacement isaway from the motor, the magnitude
of δ~l‖ is modified in the following way:

|δ~l ′‖| = |δ~l‖|
(

rmax−|~r|
rmax

)
1
n

. (15)

Herermax is the maximum allowed distance from the motor to the cargo. The parametern is used to
change the distribution of the distances between the motor and the cargo. Finally, the total biased
displacement of the cargoδ~l ′, caused by the thermal fluctuations, is computed as a sum ofδ~l ′‖ and

δ~l⊥.
As mentioned above, the total motion of the cargo is a sum of the motion produced by the

thermal fluctuations and the deterministic motion of the motor complex. The behavior of the
motor complex is determined by a set of states. Every state has a characteristic velocity and length
distribution, so when a motor complex is in some state, its velocity and the amount of time that
it spends in that state are determined by the properties of the state. So, at every time step the
displacement of the motor complex is computed asδt~vm, wherevm is the velocity of the motor
complex in the current state, and the displacement of the cargo due to fluctuationsδ~l ′ is computed
as described above. After that the positions of the motor complex~ξm and the cargo~ξc are updated.

~ξm = ~ξm+δt~vm,

~ξc = ~ξc +δt~vm+δ~l ′.

Finally, a check is performed to determine if the current state should be terminated. If so, a new
state is selected. The velocity and the duration of the new state are generated from the distributions
associated with the state.

Switching between the states is modeled as a Markov process.There is a transition probability
associated with each pair of states. This probability describes the likelihood that the motor complex
will transition into the second state in the pair just after in leaves the first state. For example, let
us consider a three state model with states that correspond to motion in the the plus-end direction,
motion in the minus-end direction, and a pause. Assume that the motor complex is in the plus-end
state. When this state terminates the motor complex switches to another state. Since there are
three states there are also three transition probabilities. The ”plus-minus” probability, the ”plus-
pause” probability, and the ”plus-plus” probability corresponding to the transitions from the plus-
end state to the minus-end state, pause, or back to the plus-end state. If we choose the ”plus-plus”
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probability to be zero and the remaining to to be equal to 50%,then there is a 50% chance that the
motor complex will switch to either a pause state or a minus-end motion state after a plus-end state
terminates.

C Outline of the fitting procedure

1. Load X-Y-T data.

2. Obtain L-T data.

2a. Find microtubule location by fitting the X-Y data to a straight line.

2b. Find the projections of the data points along the microtubule. Let L be the position
along the microtubule. The L coordinate for the first data point is set to zero. For all
other data points it is equal to the distance along the microtubule from the first data
point.

3. Initialize the fitting procedure.

3a. Start with one segment which has the first and the last datapoints of the tracking series
as its end points.

3b. Compute perpendicular distances from all data points tothe segmented line (initially
consisting of only one segment). Find the data point with thelargest distance. Use it
as a vertex to increase the number of segments by one by splitting the segment that is
associated with that data point.

3c. Repeat the procedure described above until the number ofsegments reachesNi . The
value ofNi is chosen by hand. Usually it is chosen so that initially there is, on average,
one segment for a few data points, e.g., one segment for everythree data points. In the
extreme case theNi can be chosen so that there is one segment for each data point.

3d. Use the optimization algorithm described in Appendix D:to find positions of the ver-
tices (end points of the segments) that produce the highest posterior probability forNi

segments.

4. Find the optimal fit.

4a. Reduce the number of segments by one.

• Find a pair of segments that is a good candidate for merging using the procedure
outlined in the text.

• Merge the two segments by removing their common vertex.

5



• Optimize the positions of remaining vertices to get the highest posterior probability
for the model with the number of segments reduced by one.

4b. Continue reducing the number of segments by repeating the procedure described above
until the stopping condition is met.

• When using the model selection method based on the calibration procedure, the
stopping condition occurs when the negative logarithm of the posterior probability
of the model becomes significantly larger than the calibration value for the average
duration of a segment. Note that the average duration of a segment is the duration
of the track divided by the current number of segments.

• In other cases the stopping condition occurs when reducing the number of seg-
ments by one causes the maximum posterior probability of themodel to decrease.
Here the prior probability has to be chosen in such a way as to make sure that this
happens for a finite number of segments.

4c. Backtrack by one step (increase the number of segments byone) to find the model that
is the best fit for the tracking data. This model is the final answer to the problem we
are solving.

D Optimization Algorithm

The main goal of the optimization algorithm is to determine the locations of the segments (their
end points) that best approximate the tracking data. In the Bayesian formalism this is equivalent to
finding the locations of the end point that maximize the posterior probability of the fit.

In the most general case, this is a multidimensional optimization problem. Each end point
has two coordinates that have to be determined. So, the problem of fitting the tracking data byn
connected line segments has 2(n+1) variables. This means that to find the optimal fit we have to
find a maximum on a 2(n+1) dimensional landscape. For example, fitting a tracking series by ten
segments requires finding a maximum on a 22 dimensional landscape.

For the problem we are solving it is not practical to use general purpose algorithms for multidi-
mensional optimization because of their complexity and high computational requirements for large
values ofn. Instead we have developed a less computationally intensive special purpose optimiza-
tion algorithm. The main idea behind this algorithm is to optimize the locations of the end points
one by one instead of simultaneously optimizing the locations of all the end points. The algorithm
operates by choosing one of the end points at random and optimizing its location while keeping
locations of all the other end points fixed. Then one of the remaining end points is chosen, again at
random, and its location is optimized. This process continues until locations of all the end points
are optimized (individually). At this point the new posterior probability is computed and compared
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to the value of the posterior probability before the optimization pass. If the relative increase in the
posterior probability is less than a threshold value, the optimization procedure stops. Otherwise
another optimization pass is performed, i.e., locations ofall the end points are again individually
optimized (in random order). This is repeated until the procedure converges when the relative in-
crease of the posterior probability produced by the last optimization pass becomes smaller than the
threshold.

A cartoon illustrating the optimization procedure that wasjust described is shown in Fig. 10.
Here a set of noisy data is being fit by five connected line segments. The steps taken by the
optimization procedure are numbered on the left of the cartoon. At every step the location of only
one end point is optimized (marked by arrows).

Since we are working in a two dimensional space (length versus time, or x versus y), every
end point has two coordinates. So, finding the optimal location of an end point is a maximization
problem in two dimensions. It is solved using the Polak-Ribiere variant of the Fletcher-Reeves
procedure described in (1).

E Fitting Procedure in Detail

Going from many short segments to a few long segments
The fitting procedure starts by fitting the data by many very short segments, and then gradually

reducing the number of segments by repeatedly merging pairsof adjacent segments and optimiz-
ing the locations of the remaining segments. This process continues until the desired number of
segments is reached or, alternatively, until some other criterion such as reaching a predefined value
of the posterior probability is met.

At every iteration we must chose which pair of adjacent segments will be merged. In most
cases, for a given number of segments, there is only one optimal configuration. The ideal optimiza-
tion algorithm would be able to find this configuration starting from any random configuration. In
practice any multidimensional optimization can get stuck in a local minimum or, in the case of our
limited optimization routine, in a configuration that is pseudo-optimal. Such a configuration is not
optimal in the strict sense, but cannot be improved by using the limited optimization algorithm.
The number of computations required to find the optimal configuration is also affected by the ini-
tial configuration. So, the best approach is to merge a pair ofsegments that is likely to result in
a configuration that is close to optimal (for the system with the number of segments reduced by
one). Using this configuration as the starting point for the optimization algorithm will help it to
quickly converge to the optimal configuration.

A quantitative measure for finding a pair of segments to merge
To find a pair of adjacent segments that is a good candidate formerging we look at how much

the segmented line would be distorted if the shorter of the two segments was eliminated and the
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Figure 10: Illustration of the optimization procedure. A ficticious set of noisy tracking data de-
picted by the triangles is being fit by five connected line segments. Steps taken by the optimization
procedure are shown (marked by numbers). At each step the location of one end point (marked by
arrows) is optimized while the rest of the end points are fixed.
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duration of the longer segment was increased to equal the sumof the durations of the segments in
the pair. (Think of a triangle where two of the sides are the pair of segments and the third side is the
sum of the durations of the segments in the pair.) A quantitative measure of this distortion can be
defined as the product of the absolute value of the differenceof velocities of the segments and the
duration of the shorter of the two segments. The pair that should be merged has the lowest value
of this measure. Using this procedure we can quickly identify the pair of segments that should
be merged. Once the pair of segments has been identified, theyare merged by eliminating the
common vertex. In other words, if the two segments are the sides of a triangle, the third side of the
triangle would be the result of merging the segments. To achieve maximum accuracy we merge
several likely candidate pairs and choose the one that produces the highest posterior probability.

Next, we give a more detailed description of the fitting procedure that uses the approaches
outlined above. Assume that we have a tracking series that consists ofN data points. The task is
to fit it by n connected line segments. Here we assume thatn is a known value less thanN. In the
next subsection we shall discuss approaches for determining the value ofn.

Initializing the fitting procedure
During the first iteration of the fitting procedure the tracking data is fitted byk connected line

segments. The value ofk is selected to be much larger thann. In the extreme casek is equal to
N−1, so that there is one segment per data point.

The following recursive procedure is applied to define the initial positions of the line segments.
First, just one segment is created with the end points coinciding with the first and the last data point.
Then the segment is split in two parts by identifying the datapoint that has the largest perpendicular
distance away from the segment and using it as a new vertex. The procedure continues in the same
fashion untilk segments are created. This procedure is designed to providethe initial vertices that
are close to optimal.

The final step of the first iteration is to run the optimizationalgorithm describe earlier to get
the optimal fitting of the tracking series byk connected line segments.

Reducing the number of segments
In the following iterations the number of segments is gradually reduced until it becomes equal

to n. Each iteration consists of selecting a pair of segments that are the best candidates for merging
using the approach described earlier, merging the two segments by eliminating the vertex connect-
ing the segments, and optimizing the locations of the remaining vertices. So, if the starting point of
an iteration is the tracking data fitted (optimally) by some number of segmentsi (k ≥ i > n), then
the result of the iteration is the tracking data fitted byi −1 segments. The procedure stops when
i −1 = n.
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F Model Selection Without Using a Calibration Curve

As stated before additional information about the nature ofthe noise present in the tracking data
is required to establish the number of constant velocity states (segments) present in a track. Our
method of choice for obtaining such information is to use tracking data with no underlying motion
to construct a calibration curve that is used later to determine the number of distinct states present
in the tracks with unknown underlying motion of a motor complex. In this case the prior probability
simply prevents segments with negative duration. However,in some cases it is impossible to obtain
suitable calibration data. In this appendix we describe howthe prior probability can be used to
handle such situations.

If calibration data is not available, one has to make some assumptions about how the thermal
fluctuations of the position of the cargo with respect to the position of the motor affect the tracking
data. Due to the presence of the fluctuations in the tracking data a single long state of constant
velocity motion of the motor complex can be interpreted as several shorter segments, so it is safe
to assume that compared to longer (in duration) segments, short segments are more likely to be the
result of the thermal fluctuations. To compensate for this effect, a special term can be introduced
into the prior probability distribution. Its value is a product over all the segments. Theith term in
this products depends on the probability of the duration of the ith segment and the probability that
the positions of the points in theith segment are the result of the underlying motion and not the
result of thermal fluctuations.

It is impossible to obtain an exact expression for such a termsince it would depend on the
unknown properties of the underlying motion and the thermalfluctuations. So one has to seek an
approximate expression by making assumptions on how the parsing procedure is affected by the
fluctuations. An example of this approach is presented below.

Let us make the following two assumptions. First, assume that there is a constant probability
q that the location of a particular data point is affected by the fluctuations so much that it causes
the velocity of a segment detected by the program to be significantly different from the velocity
of the underlying motion. Second, assume that if several consecutive data points are affected by
a fluctuation, they are interpreted as one segment. In the same fashion, several consecutive points
that are not affected by a fluctuation are also interpreted asa single segment. However, every
pair of data points, one of which is affected by a fluctuation and the other is not, leads to creation
of a new segment. For example, a sequence of nine data points,of which the first three are not
affected by a fluctuation, the next three are affected, and the last three are again not affected, will
be interpreted as three separate segments.

Now, suppose that a segment of durationd that corresponds ton data points was detected.
What is the probability that a segment of this duration was caused by a fluctuation? Since in a
segment that is caused by fluctuations, all the data points have to be affected by fluctuations, this
probability is equal toqn. It is higher for shorter segments which reflects our assumption that short
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segments are more likely to be caused by fluctuations. Earlier we have mentioned that it is possible
to compensate for this effect by multiplying the prior probability distribution by a value equal to
the probability that the segment in question was not caused by fluctuations. In the present case this
probability is equal to 1−qn.

This expression can be easily generalized to the case of a setof several segments. The prior
probability distribution of a set of segments is given by a product of the prior distributions of
individual segments, so for a set ofk segments, the prior probability distribution would have the
following form:

P =
k

∏
i=1

p(di)(1−qni), (16)

Herep(di) is equal to zero if the duration (di) of theith segment is negative or less than a specified
limit, and is equal to one otherwise.ni is the number of data points in theith segment.

We should emphasize that the value of the parameterq cannot be determined from the data and
has to be obtained by using some external information such astracking data with known underlying
motion of the molecular motor complex.

In the form presented above the prior probability distribution weights longer segments while
the likelihood function is larger for shorter segments since shorter segments fit the data at least
as well as longer segments. This means that the posterior probability distribution that is given by
Bayes’ theorem Eq. 1 is maximized by choosing a model with a finite number of segments. This
model is the final answer to the problem that we are solving.

G Derivation of the numerical measure of parsing accuracy

In testing the parsing program, the accuracy of the parsing is given by the probability that a ran-
domly selected sequence of three consecutive segments corresponded to a valid set of states of the
underlying motion (state 1/state 2/state 1 or state 2/state1/state 2). The procedure that was used to
compute this probability is presented in this appendix.

First, we find the probability that a given segment corresponds to the first state (p1) or to the
second state (p2). This is done by assuming that each state is associated witha Gaussian distribu-
tion of segment velocities that was constructed earlier. This leads to the following expressions for
p1 andp2:

p1 ∝ P(v,v1,σ1), (17)

p2 ∝ P(v,v2,σ2). (18)

Here P(v,vm,σ) is a probability density of a Gaussian distribution with mean vm and standard
deviationσ, andv is the segment velocity. Combining this expression with thenormalization
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condition
p1 + p2 = 1 (19)

we arrive at

p1 =
P(v,v1,σ1)

P(v,v1,σ1)+P(v,v2,σ2)
, (20)

p2 =
P(v,v2,σ2)

P(v,v1,σ1)+P(v,v2,σ2)
. (21)

The probability that a set of three consecutive segments represents a valid sequence of under-
lying states (state 1/state 2/state 1 or state 2/state 1/state 2) is then defined as

pi = pi
1p(i+1)

2 p(i+2)
1 + pi

2p(i+1)
1 p(i+2)

2 . (22)

Here i is the index of the first segment in the sequence. The probability that any set of three
consecutive segments represents a valid sequence is given by the average ofpi :

p =
1
N

N

∑
i=1

pi =
1
N

N

∑
i=1

[

pi
1p(i+1)

2 p(i+2)
1 + pi

2p(i+1)
1 p(i+2)

2

]

, (23)

whereN is the total number of three consecutive segment combinations found by the parsing
program. We use the value ofp as a numerical measure of the accuracy of parsing program.
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